A graph G is said to be claw-free if G has no induced subgraph isomorphic to K 1,3 .
Introduction
In this paper, we consider finite graphs without loops. For terminology and notation not defined in this paper, we refer the readers to [6] . Let G be a graph. For a vertex v of G, the degree of v in G is the number of edges incident with v in G. Let V (G) , E(G) and δ (G) be the vertex set, the edge set and the minimum degree of G, respectively. A graph G is said to be Hamiltonian if G has a Hamilton cycle, i.e., a cycle containing all vertices of G. A graph G is said to be claw-free if G has no induced subgraph isomorphic to K 1, 3 . A 2-factor of G is a spanning subgraph of G in which every component is a cycle. Let c (G) be the length of a longest cycle in G, and we call it the circumference of G.
It is a well-known conjecture that every 4-connected claw-free graph is Hamiltonian due to Matthews and Sumner [15] . Since we can regard a graph with large circumference as "close"
to Hamiltonian, there are many results concerning circumferences of claw-free graphs. The following is a well-known theorem due to Matthews and Sumner [16] .
Theorem A (Matthews and Sumner [16]) If G is a 2-connected claw-free graph of order n, then c(G) ≥ min{2δ(G) + 4, n}.
The lower bound of c (G) Theorem A, many researchers have studied about circumferences of 2-connected or 3-connected claw-free graphs (for example, see [2, 12, 13, 14] ).
On the other hand, since a Hamilton cycle is a connected 2-factor, there are many results on 2-factors in claw-free graphs. For instance, it is known that a moderate minimum degree condition already guarantees the existence of a 2-factor in claw-free graphs. Choudum and Paulraj [5] , and independently Egawa and Ota [7] proved that every claw-free graph G with δ(G) ≥ 4 has a 2-factor (they actually proved stronger statements), and Yoshimoto [19] proved that every 2-connected claw-free graph G with δ(G) ≥ 3 has a 2-factor. It is also known that these conditions on the minimum degree are best possible, respectively.
In this paper, we investigate the lower bound of circumferences of 2-factors in claw-free graphs. When we separate this problem according to the connectivity and the minimum degree of graphs, our problem can be stated as follows.
Problem 1 Let k and d be integers such that k ≥ 1 and d ≥ max{5 − k, k}. Determine f (k, d) = max{m : every k-connected non-Hamiltonian claw-free graph with minimum degree d has a

2-factor F such that c(F ) ≥ m}.
Matthews and Sumner's conjecture [15] implies that there exists no k-connected non-Hamiltonian claw-free graph for k ≥ 4 if it is true. Recently, as a positive result related to this conjecture, Kaiser and Vrána [10] proved that every 5-connected claw-free graph with minimum degree at least 6 is Hamilton-connected, and hence there exists no k-connected non-Hamiltonian claw-free graph for k ≥ 6. On the other hand, it is known that there exist infinitely many k-connected non-Hamiltonian claw-free graphs with minimum degree d for 1 ≤ k ≤ 3 and d ≥ max{5 − k, k}.
In this paper, we focus on the case where k = 2, and the following is our main theorem. But we do not know whether the condition on the minimum degree in Theorem 1 is best possible or not. Since c(G (3) ) = 2δ(G (3) ) + 4 and G (3) − V (C) has no 2-factor for every longest cycle C in G (3) , it would be natural to propose the following problem, which is the remaining part for the case where k = 2.
On the other hand, in general, although it is easy to see that a connected graph G with δ(G) ≥ 2 has a cycle of order at least δ(G) + 1 and that there exist infinitely many connected non-Hamiltonian claw-free graphs G such that c(G) = δ(G) + 1, it is not so easy to see that whether f (1, d) = d + 1 holds or not. However, as an application of Theorem 1, we can obtain the following, which implies that f (1, d) = d + 1 holds for d ≥ 10 (we will prove Theorem 2 in Section 6).
Theorem 2 If G is a claw-free graph with
In addition, we make some comments in regard to the case of k = 3. Concerning the circumference of 3-connected claw-free graphs, Li, Cui, Xiong, Tian, Jiang and Yuan [14] conjectured
. It is known that the lower bound of c (G) is a 3-connected non-Hamiltonian claw-free graph such that the minimum degree is d and the circumference is 9d−3. Therefore, it would be natural to ask that whether f (3, d) = 9d−3 holds or not. By the definition of Q (d) , the line graphs of Q (3) and Q (4) imply that f (3, d) = 9d − 3 does not hold for 3 ≤ d ≤ 4. However, in view of Theorems 1 and 2, the following problem is naturally proposed. For results similar to Theorems 1 and 2, the first author, the second author and Yoshimoto [4] proved that every claw-free graph G with δ(G) ≥ 4 has a 2-factor F such that g(
and that every 2-connected claw-free graph G with δ(G) ≥ 3 has a 2-factor F such that g(F ) ≥ δ(G) (here for a graph G, we denote by g(G) the girth of G, i.e., the length of a shortest cycle of G).
In the rest of this section, we prepare terminology and notation used in this paper. Let (G) . For an edge e in G, let V (e) be the set of end vertices of e, and let 
Closure concept
To prove Theorem 1, we use Ryjáček closure which is defined as follows. Let 
By modifying the proof, we can easily improve this result as follows (see [11, Lemma 3] ): for any vertex-disjoint cycles 
Moreover, to prove Theorem 3, we consider some particular set of connected graphs. Let H be a multigraph, and let e ∈ E(H). The edge degree of e in H is defined by the number of edges incident with e, i.e., the number of elements of E H (e) \ {e}, and we denote by ξ(H) the minimum edge degree of H. It is easy to see that for a graph G, δ(L (G) 
it is known that for a connected multigraph H with |E(H)| ≥ 3, H has a DCT if and only if L(H)
is Hamiltonian (see [9] ). Therefore, to prove Theorem 3, it suffices to show that the following holds.
Theorem 4 If G is an essentially 2-edge-connected triangle-free simple graph with ξ(G) ≥ 7, then G has a cover set D such that D satisfies the following:
In Sections 4 and 5, we prove Theorem 4. In the proof, we construct a connected subgraph with "enough edge" so that it has a DCT by connecting some stars in a star cover set of G. Concerning the existence of star cover sets, in [8, Lemma 7] , Faudree, Magnant, Ozeki and Yoshimoto proved that a multigraph G with ξ(G) ≥ 7 has a star cover set S such that |E(S)| ≥ 3 for S ∈ S. By the same argument, we can easily generalize this result as follows. We sketch the outline of the proof of Proposition 5 for the convenience of readers.
Proposition 5 Every multigraph G has a star cover set S such that |E(S)| ≥ ξ(G)+2
4
for all
S in S.
Proof of Proposition 5. Let X be a maximal independent set containing all vertices with degree at most
(note that the vertex set with degree at most
is independent). To prove Proposition 5, it suffices to show the existence of a mapping ϕ :
is the desired star cover set of G, where S u is a star consisting of the vertex u (as the center) and the edges in ϕ −1 (u)).
Since the number of vertices with odd degree in G 1 is even in each component of G 1 , there exists a collection of paths P 1 , . . . , P q such that each vertex with odd degree in G 1 appears in the set of end vertices of them exactly once. By considering the symmetric difference of them, we may assume that
. By the definition of P 1 , . . . , P q , each vertex of G 2 has even degree in G 2 . Hence the edges of G 2 can be covered by cycles. For each cycle, written by y 1 y 2 y 3 . . . y r−1 y r (= y 1 ), we define ϕ(y j y j+1 ) = y j+1 for each j with 1 ≤ j ≤ r −1. We can easily check that this definition of ϕ satisfies the conditions
Hence by the definition of ϕ, we obtain
and |ϕ −1 (u)| is an integer, we obtain the condition (iii).
Trails containing the specified edge and vertices
In this section, we prepare some results on the existence of trails containing the specified edge and vertices in order to construct a "large" connected subgraph which has a DCT in the proof of Theorem 4.
Let G be a graph. We denote by κ(G) the connectivity of G. For two distinct vertices x and y in G, we denote by λ G (x, y) the local edge-connectivity of x and y in G, i.e., the maximum number of pairwise edge-disjoint paths between x and y, and let λ (G) 
Concerning the existence of cycles passing through the specified edge and vertices in cubic graphs, Bau and Holton [1] proved the following.
Theorem B (Bau and Holton [1]) Let G be a cubic graph, and let e ∈ E(G) and X ⊆ V (G)
with
By using Theorem B, we can generalize this result as follows.
Proposition 6 Let G be a graph, and let e ∈ E(G) and X
Proof of Proposition 6. We prove Proposition 6 by the induction on
If f (G) = 0, then G is a cubic graph with κ(G) ≥ 3, and hence by Theorem B, the assertion holds. Thus we may assume that 
We define an edge e in G u and a subset X of V (G u ) as follows:
It follows from the induction hypothesis that G u has a closed trail containing X ∪ {e }. By the definitions of e and X , and by replacing u 1 u 2 u 3 u 4 u 1 with u, we can easily obtain the desired closed trail. Thus we may assume that u is a cut vertex of G.
Let H 1 be a component of G − u, and let
and let
. If e / ∈ E(G i ) and V (H i ) ∩ X = ∅ for some i = 1 or 2, then by applying the induction hypothesis to G 3−i , we can easily obtain the desired closed trail in G.
Thus we may assume that
Fix i such that 1 ≤ i ≤ 2. We define an edge e i in G i and a subset X i of V (G i ) as follows: if e ∈ E(G i ) and u ∈ X ∪V (e), then let e i = e and
then let e i = e and (G i ) and u ∈ X, then let e i be an arbitrary edge in G i and (G i ) and u / ∈ X, then let e i be an edge in G i such that u ∈ V (e i ) and X i = X ∩ V (G i ). By (3.1) and the definitions of e i and X i , |X i | ≤ 7. Hence by the induction hypothesis, G i has a closed trail
To prove Theorem 4, we consider the following subgraphs. Let G be a graph, and let H be an induced subgraph of G with κ(H) ≥ 1. We call H a 1-attach subgraph of G if there In the rest of this section, let G be a multigraph. By the definitions of a 1-attach subgraph and a 2-attach subgraph, the following fact holds. To form a 2-factor in outside of the "large" connected subgraph, we need the following lemma.
Lemma 1 Let H be an induced subgraph of G, and let b 1 and b 2 be two vertices in H (possibly
If λ(G) ≥ 2, then H has two closed trails T 1 and T 2 with
Proof of Lemma 1. By the assumption of Lemma 1 and since
and b 1 and b 2 are bridging vertices of H, or H ∼ = K 1 . Also, by the assumption of Lemma 1 and 
and hence H has a cycle containing {b 1 }.
Thus the claim holds. For each i with 1
The graph D
The core of graphs
In this section, let G be the graph described as in Theorem 4, and suppose that G is not a star.
By Proposition 5, G has a star cover set S such that |E(S
where v is the center of S v . Let X = {v : S v ∈ S}. We choose S so that |S| is as small as possible. It follows from the choice of S that u = v for each S u and S v in S such that S u = S v .
Hence |S| = |X|. Note that for x, y ∈ V (G), xy ∈ E(G) if and only if there exists a vertex v in
X ∩ {x, y} such that xy ∈ E(S v ), in particular, V (G) \ X is an independent set of G. We also have that the following fact holds.
Fact 2 Let T be a closed trail of G with V (T ) ∩ X = ∅. If F is a subgraph of G such that
V (e) ∩ V (T ) = ∅ for all e in E(F ), then κ(T ∪ F ) ≥ 1 and T is a DCT of T ∪ F , in particular,
T is a DCT of D := ∪ v∈V (T )∩X S v (see Figure 1) . Figure 2 ). Since G is an essentially 2-edge-connected triangle-free simple graph and G is not a star and since d G (v) ≥ |E(S v )| ≥ 3 for v ∈ X, the following fact holds.
Fact 3 (i) G is a triangle-free simple graph with
For an induced subgraph H of G , we let
The graphs G and G *
Lemma 2 Let
, let a 1 and a 2 be bridging vertices of
Proof of Lemma 2. Note that H ∈ A 1 (G) ∪ A 2 (G) and, a 1 and a 2 are bridging vertices of H.
Since G is a triangle-free simple graph,
By the definitions of a 1-attach subgraph and a 2-attach subgraph, it follows that for each edge e in H,
i.e., a 1 = a 2 , then by Fact 3 (i) and the assumption of Lemma 2, there exist two independent edges e 1 and e 2 in H such that
i.e., a 1 = a 2 , then by Facts 1 and 3 (i), H is a triangle-free simple graph with λ(H ) ≥ 2, and hence it is easy to see that there exist two independent edges e 1 and e 2 in H. Therefore by (4.1)
and (4.2), |E(H)| ≥ (|E
Now we define a new graph G * as follows: let G * be the graph obtained from G by deleting z and adding a new edge xy for each vertex z in Figure 2) . By the definitions of X and G * and Fact 3 (i) and (ii), the following fact holds.
Fact 4 (i) G * is a multigraph with λ(G
* ) ≥ 2. (ii) X ⊆ V (G * ) and V (G * ) \ X is an independent set of G * . (iii) d G (x) = d G * (x) = |N G * (x)| ≥ 3 for x ∈ V (G * ) \ X. (iv) d G (x) = d G * (x) for x ∈ X. (v) If xy / ∈ E(G * ), then xy / ∈ E(G ). (vi) If xy ∈ E(G * ), then xy ∈ E(G ), or {x, y} ⊆ X and there exists a vertex z in G − X such that N G (z) = {x, y}. For a subgraph H * of G * , let Z(H * ) = {z ∈ V 2 (G ) \ X : N G (z) ⊆ V (H * )},
and let
. By Fact 4 (iii)-(vi) and the definitions of Z(H * ) and P G (H * ),
we can obtain the following two facts. 
Fact 6 Let
, and let H = P G (H * ). We have that the following hold.
and, a 1 and a 2 are bridging vertices of H . 
By Facts 3 (i) and (iii), 4 (iv) and (vi) and the definition of Z(G * ), the following holds.
Lemma 3 For
v ∈ V 2 (G * )∩X, |E(S v )| ≥ (ξ(G)−1)+|N G * (v)\X|, and moreover, if |N G * (v)| = 1, then |E(S v )| ≥ ξ(G) + 1. Proof of Lemma 3. Let v ∈ V 2 (G * ) ∩ X. By Fact 4 (iv), v ∈ V 2 (G ) ∩ X. Hence it follows from Fact 3 (iii) that |E(S v )| ≥ (ξ(G) − 1) + |N G (v) \ X|. Since N G * (v) \ X ⊆ N G (v) \ X byin Z(G * ) such that N G (z i ) = {u, v} for i ∈ {1, 2}. Therefore by again Fact 3 (iii), |E(S v )| ≥ (ξ(G) − 1) + |{z 1 , z 2 }| = ξ(G) + 1.
Proof of Theorem 4
Let G be the graph described as in Theorem 4. If G is a star, then the assertion clearly holds.
Thus we may assume that G is not a star. Let S, X, G and G * be the same as in Section 4.
By way of a contradiction, suppose that G has no cover set D such that D satisfies the following (D1) and (D2):
We first show that the following two claims hold.
Proof. Suppose that G * has a closed trail T * such that
Since S is a star cover set of G, we have that D is a cover set of G. Since |E(S)| ≥ 3 for S ∈ S, D satisfies (D1) and (D2), a contradiction. Figure 3 ). Fix i with 1 ≤ i ≤ 2. If b i ∈ V 2 (G * ), then by Fact 4 (iii), b i ∈ X, and hence by Lemma 3 Figure 4 : The vertex z i and the set A i Figure 4) . If We divide the proof of Theorem 4 into two cases. 
Claim 2 Let
H * ∈ A 1 (G * ) ∪ A 2 (G * ), let a 1 and a 2 be bridging vertices of H * (a 1 = a 2 if H * ∈ A 2 (G * )), and let H = P G (P G (H * )). If T * 0 is a closed trail of H * such that {a 1 , a 2 } ⊆ V (T * 0 ), then ( ∪ v∈V (T * 0 )∩X E(S v ) ) ∩ E(H) ≤ 2ξ(G) + 1. Proof. Suppose that ( ∪ v∈V (T * 0 )∩X E(S v ) ) ∩ E(H) ≥ 2ξ(G) + 2. By Fact 5, P G (H * ) has a closed trail T 0 such that ({a 1 , a 2 } ⊆ )V (T * 0 ) ⊆ V (T 0 ) ⊆ V (T * 0 ) ∪ Z(T * 0 ). Hence ( ∪ v∈V (T 0 )∩X E(S v ) ) ∩ E(H) = ( ∪ v∈V (T * 0 )∩X E(S v ) ) ∩ E(H) ≥ 2ξ(G) + 2. Let b 1 and b 2 be two vertices in G * − V (H * ) such that a i b i ∈ E(G * ) for i ∈ {1, 2}T * 1 = T * 2 or V (T * 1 ) ∩ V (T * 2 ) = ∅ such that b i ∈ V (T * i ) for i ∈ {1, 2}, and furthermore if b i ∈ V 2 (G * ), then |V (T * i )| = 1; otherwise, |V (T * i )| ≥ 2 (see, | ∪ v∈V (T * i )∩X E(S v )| = |E(S b i )| ≥ ξ(G) − 1 ≥ 6; otherwise, by Fact 4 (ii) and (iii), |V (T * i )∩X| ≥ 2, and hence | ∪ v∈V (T * i )∩X E(S v )| ≥ 2 ξ(G)+2 4 ≥ a i b i if Z(a i b i ) = ∅ z i H * G * − V (H * ) b i = z i if Z(a i b i ) = ∅ H * and a i ∈ V (S bi ) b i = z i if Z(a i b i ) = ∅ H * and b i / ∈ X or a i / ∈ V (S bi ) a i a i G * − V (H * ) G * − V (H * ) A i = ∅ A i = ∅ A i = {a i }
This implies that
We claim that G * (1) has a (u 1 , u 2 )-trail T * 1 such that
by Facts 3 (iii) and 4 (iv), we can easily see that there exists a ( 
. By Lemma 2, Facts 4 (iii), (iv) and 6 and since
Thus the assertion holds.
together with Lemma 3 implies that
Note that by Fact 1, G * (2) has a (v 1 , v 2 )-trail passing through e for every edge e in G * (2) . Since
Therefore by Fact 4 (ii) and (iii), we can take
≥ 6, and hence by arguing as in the above, we can get a contradiction.
By Lemma 3 and (5.2), we also have that |E( This completes the proof of Theorem 4.
Proof of Theorem 2
